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ABSTRACT 


The  emission  and;  absorption  erossa sections  of  an  arbitrary 
object  are  defined  in  terms  of  its  scattering  cross-^ section^  and  the 
'  principle  of  detailed  balance  is  then  used  to  derive  Kirchhoff's  radi¬ 
ation  law  for  the  object^  taking  into  account  both  the  polarization  of 
the  emitted  and  absorbed  radiation^  and  the  orientation  of  the  object^ 
The  result  is  used  to  calculate  the  apparent  brightness  temperature 
of  an  object  in  an  arbitrary  radiation  field.  Finally  a  simple  formula 
for  the  change  in  antenna  temperature  caused  by  introducing  the 
object  into  the  beam  of  a  high-gain  microwave  ra^ometer  antenna  is 
found. 
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THE  APPARENT  TEMPERATURE  OF  ISOLATEI)  OBJECTS 


i.  INTRODUCTiON 

Radiometer  systems  (of  which  a  radio  telescope  is  a  common 
example)  are  sometimes  used  at  microwave  frequencies  to  measure 
the  apparent  temperature  of  isolated  objects*  For  example^  it  Was 
suggested  in  Reference  1  that  a  sensitive  radiometer  might  be  used 
to  determine  the  presence  of  a  heated  object  at  high  altitudeSi 
Conversely,  the  presence  of  a  large  number  of  objects  in  the  beam 
of  a  radio  telescope  might  interfere  with  its  performance;  Lilley 
(Reference  2)  has  recently  estimated  the  changes  in  antenna  temper* 
ature  that  might  be  expected  from  the  "West*Ford"  dipole  belt* 


If  the  objects  under  consideration  are  large  in  terms  of  the 
Operating  wavelength  of  the  radiometers,  as  is  usually  true  in  the 
infrared  region,  the  apparent  temperature  can  usually  be  related  to 
a  surface  emissivity  and  the  surface  area  of  the  object.  For  small 
objects,  however,  the  coneept  of  surface  emissivity  breaks  down, 
and  it  is  necessary  to  use  some  parameter  which  takes  account  of  the 
radiating  properties  of  the  body  as  a  whole*  Since  the  scattering 
properties  of  such  bodies  are  often  expressed  in  terms  of  a  scattering 
or  absorption  cross  section,  it  seems  natural  to  introduce  a  corre* 
sponding  emission  cross  section  for  the  thermal  energy  radiated  by 
the  body  (see,  for  example.  Reference  3,  p*  452), 

In  this  report,  the  emission  cross  section  for  isolated  objects 
will  be  defined,  and  the  proper  form  for  Kirchhoff’s  law,  i.  e, ,  the 
relation  between  the  emission  and  the  absorption  cross  sections,  will 
be  derived.  As  a  by*product  of  the  derivation,  it  will  be  shown  that 
the  emission  cross  section  can  be  written  in  terms  of  the  scattering 
cross  sections,  which  are  usually  known,  or  can  easily  be  measured, 
at  microwave  frequencies.  Finally,  an  expression  will  be  fornid  for 
the  apparent  temperature  of  the  radiation  coming  from  an  isolated 
object  illuminated  by  an  arbitrary  radiation  field.  From  this  apparent 
temperature,  the  change  in  antenna  temperature  of  an  operating  radi-^ 
ometer  system  can  easily  be  found. 
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file  Jelations  between  tbe  reGiproGity  prineiple>  tbe  prinGipie  of 
4etailed;  balaiiGe,  and  the  proper  form  of  Kirchhoff's  law  have  been 
previously  discussed  in  great  detail  by  S.  M*  R.ytov,*  and  some  of  the 
results  given  here  have  previously  been  derived  by  Rytov,  Levin,  * 
and  other  Si  However,  we  have  given  an  alternative  derivation  of 
Kirchhoff's  law  in  some  detail  because  of  the  insight  it  gives  into  the 
problem  of  calculating  apparent  temperatures  under  nonequilibrium 
conditionSi  The  main  difference  between  the  approach  taken  in  this 
report  and  that  of  References  4  and  5  is  that  here  the  entire  calculation 
is  made  in  terms  of  the  scattering  coefficients  of  the  body,  rather  than 
by  introducing  ei^ansion  coefficients  or  Green's  functions.  This  has 
the  practical  advantage  of  allowing  temperature  calculations  to  be 
made  in  terms  of  easily  measured  properties  of  the  object,  at  the 
cost  of  a  more  restricted  range  of  validity  (the  body  must  be  at  a 
uniform  temperature,  and  distances  must  be  large  enough  for  far- 
field  approidmations  to  hold). 


2.  THE  SCATf  ERING  PROPERTIES  OF 
AN  isolated  object 

The  first  step  in  the  program  of  determining  the  thermal  radi¬ 
ation  from  an  isolated  object  is  to  define  the  scattering  properties  of 
the  object  for  monochromatic  radiation,  and  to  esqiress  the  forward- 
scattering  theorem  in  terms  of  them«  For  this  purpose,  we  shall 
follow  the  procedure  of  Bolljahn  and  Lucke  (Reference  b).  Consider 
a  mono^romatic  plane  wave,  with  polarization  state  denoted  by  the 
vector  Pj,,  ,  incident  on  an  isolated  body  from  the  direction  <|>g 
(see  Fig,  1).  In  Reference  6,  linear  polariz^ion  is  used,  i.e,  ,^the 
incoming  w^ve  may  be  in  one  of  tWo  states,  P^j  =  0^  or  > 

where  0^  ,  <t)g  are  unit  vectors.  In  general,  however,  any  pair  of 
orthogonal  polarization  states  may  be  used;  for  example, 

Pei  ^  (^o  +  i  and  Pg^  =  (0p  ’  i  Jo)/'!^ 

represent  circularly  polarized  waves.  The  incident  plane  wave  may 
now  be  written 

(1) 

where  Eq  is  the  amplitude  and  k^  is  the  vector  of  magnitude  k  -  2ir/\ 
in  the  direction  of  propagation.  We  have  assumed  that  the  incident  wave 
is  in  polarization  state  (1), 
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The  scattered  wave  in  the  direction  (0  ,  <j)_)  will  also  have  a 
definite  polarization  state  which  can  he  resolved  into  two  orthogonal 
components  represented  by  unit  vectors  Pgi  and  Pgj  ,  so  that  the 


scattered  wave  itself  can  be  written 

-»g  -^g  ^  S 

(2)  E®  =  El  +  Ez 


=  E 

o 


fl  I  (c .  s) 
kr 


fiz  (e.  s) 
kr 


*  r 


Here  the  fij(c,  s)  are  called  the  scattering  amplitudesi  the 
subscripts  ii  j  refer  to  the  polarization  states  of  the  incident  and 
scattered  radiation  respectively;  the  variables  (c,  s)  refer  to  the 
directions  and  0„<|>  of  the  incident  and  scattered  radiation. 
It  is  a  consequence  of  the  Eorentz  reciprocity  condition  that 
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(3) 


i  =  1,2 

j  -  1.  2 


fy{G,s)  =^^(8,g). 

The  total  fi^ld  at  any  point  is  tiien  the  sum  o£  the  inGident  and  sGatter ed 
fields,  or  The  several  Gross  seGtions  of  interest  may 

now  be  defined^  following  Referenoe  6^ 

i*  The  Absorption  Cross  Sectipn 

a^(G)i  for  an  inGident  plane* wave  from  the  direotion  (g)  with 
polarization  state  (i)  is  defined  as  the  net  flow  of  energy  into 
a  large  sphere  surrounding  the  target,  divided  by  the  energy 
density  in  the  inoident  wave; 


Re  r  (E*  X  M*  *)  .  n  dS 

(4)  ai(c)  i  - 

Re  (i^  X  #  *)  * 


He/e^H^_and  n  are  the  magnetiG  fields  assoGiated  with 
and  E*;  n  and  iSo  are  unit  vectors  in  the  radial  direetion 
and  the  propagation  direction  of  the  incoming  wave, 
respectively  (see  Fig.  2a). 


ii.  The  ^fferential  $Gattering  Cross  Section 

d(rj_j(Gi  s)/dn,  for  a  plane  wave  incident  from  the  e  (hrection 
with  polarization  i,  scattered  into  the  s  direction  with 
polarization  j,  is  defined  as  the  ratio  of  the  scattered  power 
of  the  appropriate  polarization  flowing  outward  through  a  unit 
solid  angle.  ,  divided  by  the  energy  density  of  the  incident 
wave: 


(5) 


e,  s)  Re  (Ej  X  Hj  *)  •  n  r* 


(It  is  implied  that  the  incident  field  E'  has  polarization  state  i; 
see  Fig.  2b, ) 
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(a)  Absorption  CrosS-SeGtipn. 
Power  Absorbed  by  (Dissipated 
Within)  Body  IS  I^{(c)Wdtts 


(b)  Oiifferentioi  Scattering 
Cross-Section.  Power 
Scottered  into  d’^’j  with 
Pdlqrizdtion  State  (J)  Is 

ij,-^  (CjSldflWotts 


(C)  EmiSSq^n  Cross-Section. 
Power  Emitted  into  d'fl  With 
Poldrizdtion  State (i)  Is 
Kf^X'^dflejlOAt  watts 


Fig,  2,  Power  relations  for  the  several  cross  sections.  It 
is  assumed  that  the  incident  wave  has  intensity 
Iq  watts /meter^  and  polarization  state  (i)  from  the 
(0^)  direction.  The  emitted  wave  in  (2g)  goes  into 
the  (0^)  direction. 
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The  fotei  Scattering  Cross  Section 

<rj{G)s  for  a  plane  wave  inGident  from  the  (g)  direGtipn  with 
polarization  (i)  is  defined)  as  the  total  power  scattered  into 
all  direGtions,  divided  by  the  energy  density  in  the  inGident 
wave, 

^  Re[E  X  H®  ]  *  jfi  dOg 
Re[i"  X  ^ 


and  this  is  also  equal  to  the  integral  of  the  differential 
sGattering  Gross  seGtion, 


(fj.{G) 


do 


It  inGludes  GOntributions  from  both  polarizations  of  the 
scattered  power* 

The  Tqtsi  pr jgjrtinGtion  C^ro8S_ Section 


t.(c),  is  defined  as  the  sum  of  the  absorption  and  scattering 
cross  sections, 

ti(c)  i  ai(c)  +  <rj{c)  , 

Relation  Between  Cross  Sections  and  Scatteririg  Amplitudes 

All  of  the  cross  sections  just  defined  can  be  directly  related 
to  the  scattering  amplitudes  f^j.  For  example,  it  is  easy  to 
show  (see,  e.g.  ,  Reference  6)  that  the  proper  form  of  the 
well-known  forward  scattering  theorem  is 

tjlc)  =  -  4ir  k“'Im[fjj(c,  e')  ] 

where  e*  is  the  "forward"  direction;  i.  e.  ,  0j.i  =  ir-0£  ;  <1^/=  ir 
(see  Fig.  1).  From  the  definitions  of  the  amplitudes  and  the 
differential  scattering  cross  section,  one  has 


(9) 


9crjj(Ci  s) 


k“^  £-j{G,  s)  s) 


whenee,  by  integration. 


-2  r 

r 

(10) 

cr,-(c 

■|  fij(^»  ® 

)1  + 

|fii(G.s)|;  J: 

Clearly,  frorti  Eqs.  (8)  and  (ID)  the  absorption  cross  section 
aj(G)  can  also  be  found  frorn  the  scattering  anaplituide S , 


3,  KIRCHHOFF'S  LAW 

In  order  to  specify  the  thermal  power  emitted  by  a  body 
maintained  at  constant  temperature,  one  further  cross  section,  the 
emission  cross  section  ej(c),  must  be  introduced.  This  may  be 
defined  as  the  area  of  a  black  body  surface,  at  the  same  temperature 
as  the  object,  required  to  produce  the  same  brightness  in  the  direction 
(c),  with  polarization  (i)  ,  See  Fig,  2,  It  is  assumed  that  the  black  body 
test  surface  radiates  like  an  "ideal"  black  body  even  though  e^  <<  \  , 

Having  defined  the  emission  cross  section,  we  now  seek  a  relation 
between  it  and  the  absorption  cross  section;  not  une3q)ectedly,  the  two 
are  equal, 

(11)  ai(c)  =  ei(c)  , 

Note  that  the  polar  angles  (©^.,<i>j.)  which  define  direction  (c)  refer  to 
the  line  from  object  to  observer  for  e£(c),_^and  from  source  to  object 
for  aj(c).  Thus  the  propagation  vectors  k^.  in  Figs,  2a  and  3  are 
shown  in  opposite  directions.  Similarly  the  polarization  state  i  for 
the  radiated  power  is  that  which  would  be  absorbed  by  an  antenna  which 
produces  polarization  state  i  in  the  incident  radiation. 

Equation  (11)  is  the  formal  ejcpression  of  Kirchhoff's  law.  It  may 
be  seen  that,  because  of  Eqs,  (7),  (8),  and  (10),  the  emission  cross 
section  of  a  body  can  be  calculated  from  the  scattering  amplitudes. 

Although  Kirchhoff's  law  is  well  known,  at  least  in  the  form  in 
which  polarization  effects  are  ignored,  we  wish  to  give  a  formal 
derivation  of  it,  since  the  details  of  the  proof  offer  considerable  insight 
into  the  more  general  problem  of  calculating  the  apparent  temperature 
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(a)  Isolated  Body  At  (b)  ilock  Body  Surface  At 

Terrtpefature  Tempefoture  Tb  With  Area 

ej(c).  Surface  Perpendicular 
To  Line  Of  Sight 

Fig.  3«  The  emission  ciross  section  of  the  body  is  e^lc) 
if  the  powef  in  the  two  idential  receivets  is 
equal. 


of  a  body  under  Certain  kinds  of  nonequilibrium  conditions.  The  proof 
given  here  depends,  as  usual,  ^  on  the  principle  of  detailed  balance  and 
the  reciproGity  theorem  for  the  scattering  coefficients, 

Consider  first  a  body  in  a  very  large  isothermal  enclosure,  and 
consider  the  thermal  radiation  with  propagation  vectors  lying  within  a 
solid  angle  dflc  in  the  direction  (e)  (see  Fig,  4).  If  the  spectral 
brightness  of  the  black  body  radiation  in  the  enclosure  is  ZBq  watts* 
meter  *Steradian*  ^  *  cycle”*  ,  i.  e. ,  if  there  is  Bq  in  each  of  two 
orthogonal  polarization  states,  then  the  power  density  flowing  towards 
the  object  from  the  range  of  angles  diic  is 

(12)  d  Ijn  ^  Bq  dHg  Af  watts*meter*- 

in  each  polarization,  in  the  frequency  interval  Af.  This  must  be 
balanced^  by  the  power  flowing  away  from  the  object,  within  the 
same  dHe,  The  outward* flowing  power  is  the  sum  of  three  components. 
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Fig.  4.  Geometry  for  Kirehhoff's  law. 


i.  The  emission:  the  body  emits  ej(G)BoAf  watts/ steradian  in  the 
direction  (c)  with  polarization  (i).  Thus 


(13) 


4  L 


®i(G)Bn  d ( 


Af  watts-meter 


'’■2 


flows  out  through  the  solid  angle  dQ^. 


ii.  The  "scattered"  power:  thermal  radiation  incident  on  the  body 
from  the  range  of  solid  angles  df2g  is  scattered  into  dn^.  The 
power  density  at  distance  R  from  the  object  is 


(14) 


Is  -  So 


aQ’ji(s,  c) 

9  « 


3o'ji(s,c)  1 


[dHs  dOc  Af] 

R^ 
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Thus  the  total  powfer  scattered:  into  ^  is  just  the  integral  of  d  Ig 
over  all  dS2g,  Making  use  of  the  reciprocity  theorem  (Eq,  (3))^  and 
the  definition  Of  the  total  scattering  cross  section  (Eq»  (6b)),  one  finds 
that 


(IS)  dig  a  Bq  — o--(g.  s)  Af  watts/meter* 

a" 

is  the  power  scattered  into  d£2g  with  polarization  (i),  caused  by 
radiation  of  both  polarizations  falling  on  the  object. 


iiii  'the  "forward"-scattered  energy:  the  evaluation  and 
interpretation  of  the  third  contribution  is  less  straightforward.  It 
is  caused  formally  by  the  "scattered"  energy  originating  from  the 
range  of  solid  angles  around  the  Erection  c'  opposite  dn^  (see  Fig.  4). 
It  will  turn  out  that  this  contribution  is  effectively  a  negative  one;  that 
is,  the  body  blocks  out  sufficient  radiation  from  the  (c^)  direction  to 
account  for  its  extinction  cross  section*  To  evaluate  this  contribution 
consider  a  plane  wave  incident  on  the  body  from  (c^ )  _^ith  propagation 
vector  k  nearly  parallel  to  the  "blocked"  direction  kg/  (see  Fig*  5)* 

By  "blocked'^  direction  We  refer  here  to  the  direction  from  Which  the 
radiation  would  have  to  come  tojglace  the  receiver  P  in  the  forward 
scattering  zone.  The  direction  k  can  now  be  specified  by  the  point 
Q  at  which  it  crosses  a  plane  ( t\)  perpendicular  to  kef  at  some  large 
distance  from  the  object.  For  convenience,  define  two  angles 
tj>  s  tan'^  and  x  ^  tan“i  m  Then  for  i|)  «  1  and  x  i»  the 
vector  k  Can  be  expanded  as 


(16)  k  ^  [k^/+  k  (Ip^  +  iioX)]/li  + 

where  Ip  and  Tip  are  jinit  vector^  and  jk  I  [k^/  |  =  k  .  Now  an 
incident  plan^  Wave  Pj  E^  e^(i  k  •  B  )  with  amplitude  Ep  and  polari-* 
zation  state  Pj  gives  rise  to  a  field  in  the  vicinity  of  P  that  may  be 
written  as 


(17) 


Pi  Eo 


ei^*  R  +  ^ii(^  j  e»  ^ 


k  B 


+  Pj  So 


r^ij^^^’  ikJ 

_ _  e  ~ 


,  B 


k  B 


since  k^/  is  the  direction  from  the  object  to  P. 
density  at  p  is 


Thus  the  power 


density  at  P  Gaused  by  a  single  plane  wave  from  direction  k  ,  the  total 
power  density  at  P  caused  by  black  body  radiation  from  the  cone  dsig 
can  be  found  by  integrating;  over  i|a  and  X.  This  is  simplified  by  observing, 
from  (16),  that 

(19)  (iTe^- k  )  ‘  a  =  (il»HxM  . 

2 

Now  if  Eq.  (18)  is  integrated  over  dQg/,  assuming  that  the  contributing 
plane  waves  ail  have  the  same  intensity  yIEoI^  ,  and  are  uniformly 
distributed  in  direction,  then  the  first  term  is  Y  |Eg[*  f  dx  di|j  = 

Y  [Eq  I  diig/.  This  corresponds  to  the  thermal  radiation  that  would 
be  falling  on  P  from  dfl^  if  the  scatterer  were  not  there.  Thus  Eq 
must  be  ehosen  so  that  Y[Eq|*  dQg/=  Bq  dfl^/Afi  Consequently  the 
total  power  density  at  P  becomes 


(20) 


d  If  =  J  d*  dx  dip 


^AfdQ^+B.Af  [^)  \\  Refii(c',c) 


(ip*  +  X*  ) 

dip  dX  . 


Now  the  limits  on  ip  and  X  may  be  replaced  by  +  »  ,  if  k  R  is 
sufficiently  large  (see,  for  example,  Reference  3,  p.  30);  thus 


(21)  dif  =  {  Bq  dnc'+ 


4tt 

k-  R- 


Re[i  fii(c^  c)]  }  Af 


or,  using  the  forward* scattering  theorem. 


(22)  dIf  = 

In  getting  Eqs.  (20)  and  (21)  from  Eq,  (18),  the  secord^order  term  in 
(f^  /  kR)'  have  been  neglected. 

Thus  t^  thermal  radiation  reaching  P  from  the  directions  in  the 
vicinity  of  k£  is  dirninished  by  an  amount  sufficient  to  account  for  the 
extinction  cross  section  of  the  body.  We  may  now  use  the  principle  of 
detailed  balance  in  the  form 


tjie)  \ 

R?  /  ^ 


Af 
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1 


dl.^  =dlf#di3  +  dl^ 
or 

(23)  ®o 

Substituting  from  Eq.  (7)  the  definition  for  t^(c),  we  find  that 
there  is  a  power  balanGe  only  if  6j{g)  =  aj^(G),  whiGh  is  Kirehhoff*s 
law. 


4.  THE  APPARENT  BRIGHTNESS  TEMPERATURE 
OF  AN  ISOLATED  BODY 

We  are  now  in  a  position  to  calGulate  the  apparent  brightness 
temperature  (defined  by  Eq.  (24))  of  an  isolated  body  WhiGh  is 
niaintained  at  a  Gonstant  temperature  when  it  is  placed  in  an  arbitrary 
thermal  noise  field.  That  is»  the  body  is  at  a  Gonstant^  uniform  temper* 
ature,  but  it  is  not  in  thermodynamic  equilibrium  with  its  surroundings* 
It  will  be  assumed  that  the  temperatures  and  wavelength  regions  of 
interest  are  those  in  which  the  Rayleigh-Jeans  law  is  valid.  In  that 
case,  Bq  =  kT  \.**,  so  that  the  total  brightness  temperature  of  the 
radiation  coming  from  several  sourGes  is  simply  the  sum  of  the 
brightness  temperatures  of  the  individual  sources. 

The  situation  we  wish  to  consider  is  that  of  an  observer  in  a  field 
of  thermal  radiation  who  is  to  measure  the  brightness  temperature  of 
the  radiation  coming  from  a  given  direction  before  and  after  an  object, 
at  a  large  distance  R,  is  introduced  into  the  line  of  sight  (see  Fig.  6a). 
Operationally,  the  measurement  could  be  made  by  a  radiometer 
attached  to  a  high*gain  antenna  with  effective  aperture  A. 


That  is,  the  quantity  to  be  measured  is  the  power  dPi(o)  passing 
through  an  area  A  (perpendicular  to  the  line  of  sight)  coming  from  the 
range  of  solid  angles  subtended  by  the  antenna  beam  dn  ,  The  anteima 
is  assumed  to  be  sensitive  only  to  radiation  of  polarization  state  (i). 

If  the  incoming  radiation  has  brightness  temperature  Tj^(o),  then 
dPj^(o)  =  kTi(o)  A  Af  do /\^  watts.  Conversely,  the  temperature  is 
given  by 
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(b)  After 


(d)  Before 


Fig.  6.  The  apparent  temperature  of  an  object, 


For  black  body  radiation,  the  true  brightness  temperature  may  be 
defined  as  the  limit  of  £q.  (24)  as  dll  approaches  zero.  When  a  finite 
object  is  introduced  into  a  finite  beamf  then  we  say  that  Eq,  (24)  gives 
the  apparent  temperature  of  the  radiation  coming  from  within  df2  . 

Now  suppose  that  an  object  is  placed  in  the  beam  at  a  distance  H. 
along  the  line  of  sight  (see  Fig,  6b),  The  object  is  illuminated  by 
black  body  radiation  with  temperature  distributions  Tj(e^)  for  the  two 
orthogonal  polarizations  states  (i,  e. ,  i  =  I,  2;  c'represents  the  co- 
ordinates  ©g,  4)^  in  a  system  with  origin  at  the  object;  T  represents 
a  brightness  temperature  observed  from  the  object). 
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Aft«r  the  objest  is  Incroduced  into  the  "beam"  (see  Figi  6b),  the 
power  Grossing  A  in  polarization  stats  (1)  will  be  Ghanged,  (To  avoid 
some  Gonfusios.  in  interpreting  siabsaripts,  We  have  chosen  to  Galcmlate 
the  temperature  in  a  speGifiG  state,  label?i.ed  (1),  in  the  remainder  of 
this  sectioni)  Again,  there  are  tfe.ree  Gontributions  to  the  change: 


T 

i 


(i)  From  the  definition  of  the  emission  Gross  seGcion, 
the  body  Will  radiate  power 


(25) 


dP. 


ei  (o) 


A  Af 


across  the  surface  A.  Here  is  the  physical  temper¬ 
ature  of  the  body,  assumed  to  be  at  a  uniform  tempera¬ 
ture  throughout* 

/  . 

(li)  The  radiation  fields  T.(c)  Will  be  reflected  by  the 
body*  The  reflected  power  crcssing  A  is 


(26) 


dP.  * 

a 


k  Af 

rig  'i  '  Hiri" 


a  si 


f'  /./ 


(e')  + 


ao-ii  (g'  o) 


asi 


dn/ 


which  may  be  written 


(27) 


dP, 


k  Af 


<0-  t'>^ 


where 


<o-T^> 

1 


I 


k=l 


a  cTj^j  (c,  o) 

~  9  p 


represents  the  average  product  of  the  bistatic  scattering 
cross  section  and  the  temperature  of  the  radiation  illuminating 
object.  It  has  been  assumed,  in  deriving  Eq,  (26),  that  the 
two  orthcgonal  components  Ti(e')  a.nd  tJ  (e^ )  are  uncorrelated. 
If  this  is  not  true,  a  more  complete  treatmerit  in  terms  ©f  the 
Stokes  parameters  or  the  density  matrix  (see,  for  example. 
Reference  8)  is  necessary  to  find  dP^. 
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(28) 


(iii)  The  radiation  from  the  ''blocking”  direction  is  modified 
by  the  presence  of  the  scatterer.  Following  the  procedure 
leading  to  (22)^  it  is  clear  that  this  contribution  to  the 
power  crossing  A  is 


dF£  = 


A  Af 


dn 


tj(0) 

R* 


Af 


Thus  the  change  in  apparent  brightness  temperature >  as 
measured  by  a  system  with  an  angular  resolution  of  dci^ 
from  the  definition,  Eq.  (24)i  is 


(29) 


ATj  (o) 


+  <(f  T>,  -  ti(o)Tl(G^) 


dn 


The  limitations  on  the  magnitude  of  dfi  may  now  be  consideredi 
In  the  first  place,  the  target  should  be  in  the  far^fieli  of  the 
receiving  aperture  A,  and,  conversely,  the  receiver  should  be 
in  the  far«field  of  the  target.  If  we  take  the  "aperture”  of  the 
target  equal  to  t£ ,  the  largest  of  its  cross  sections^  then  the 
following  should  hold; 


(30a)  R  >  ti/  \ 


(30  b)  R>A/\  . 


Also,  the  target  should  not  be  resolvable  by  the  aperture  A, 
if  the  apparent  brightness  is  to  have  significance,  so  that 

dn  ^  >ti/R- 
A  ^ 

or 

(30c)  >Ati 

which  is  actually  already  implied  by  conditions  (30s)  and  (30b), 
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5,  ANTENNA  TEMPERATURES  BEFORE  AND  AFTER  AN 
OBJECT  IS  PLACED  IN  THE  BEAM 

In  practical  tke  anteniia  of  a  fa€ioniieter  system  4oes  not  Mve  the 
ideal  pattejrn  assumed  in  Fig.  6.  The  aetual  antenna  pattern  may  be 
Specified  by  its  power  gain  funGtion  for  radiation  of  each  polarization, 
viz, ,  gt  (ti  b)  a^nd  (@,  <|>).  (More  elegant  methods  for  treating  the 
response  of  an  antenna  to  polarized  radiation  are  available,  and  have 
recently  been  discussed  by  Ko*  ;  the  straightforward  method  is  used 
here  because  the  gain  functions  correspond  to  the  standard  antenna 
pattern  measurements. )  If  the  asds  of  a  polar  coordinate  system  is 
taken  along  the  main  beam  direction,  as  in  Fig.  6a,  and  the  antenna 
is  designed  to  receive  polarization  state  (1)  in  the  main  beam  direction, 
then  gj  (0,  b)  -  gm  '•  82  (0*  4>)  ^  where  gj^  is  the  ma^mum  gain  of 
the  antenna.  The  antenna  temperature  T^  can  now  be  written  in  terms 
of  the  pattern  functions  as 

(31)  T^  ^ 

2 

2^8^  (^<)>) 

1 

The  use  of  this  expression  implies  the  assumption  that  the  two 
components  of  the  incoming  radiation  T;  (c)  and  Tj  (C)  are  uncorrelated; 
if  there  is  correlation  between  them,  then  again  the  more  complete 
treatment*  in  terms  of  the  statistical  matrix  or  the  $tokes  parameters 
is  required. 

We  can  now  calculate  the  change  in  antenna  temperature,  ATa, 
due  to  introduction  of  an  isolated  object  into  the  main  beam.  From 
Eq,  (29),  we  see  that,  if  it  can  be  assumed  that  the^ain  of  the  an* 
tenna  is  constant  over  the  effective  solid  angle  tj  /R  subtended  by 
the  target,  then 

A  Tj  (o)  dn 

(32)  ATa-  g^™_ 

or 
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(33) 


g 


m 


2 

I 


I 


Sk 


dn 


*  <  or  f  >.  -  tiTi{6') 


Because  of  the  assumption  just  mentioned^  Eq.  (33)  for  AT^  is 
correct  as  long  as  <of  T  >j  is  correct,  i^  e^  j  as  long  as  the  two 
polarizations  of  radiation  incident  on  the  target  are  uncorrelatedi 

Notice  also  that  in  calculating  T~  and  ATa>  the  incident  radiation 
T^(c  )  on  the  target  need  not  be  the  same  as  the  incident  radiation 
T{(c)  on  the  antenna^  In  practice  such  a  situation  might  arise  if  a 
target  at  a  high  altitude  were  observed  with  a  ground-based  radiometer, 
and  there  were  appreciable  atmospheric  absorption  between  object  and 
receiver.  In  such  a  situation,  of  course,  it  would  be  necessary  to 
take  the  absorption  into  account.  For  example,  if  the  absorption 
Coefficient  for  the  path  R  were  a,  the  observed  change  in  antenna 
temperature  would  be  AT^(obs)  =  (l-d)ATa.  “^atm  where  T^tm 
the  temperature  of  the  intervening  medium* 

A  convenient  rearrangement  of  Eq.  (33)  may  be  obtained  by 
relating  the  scattering  cross  sections  to  some  reference  cross- 
seetional  area  Ap,  which  is  usually  taken  as  the  projected  area  of 
the  object*  That  is,  let 


(34)  e.(o)  =  fgj(o)  Ap 

ti(o)  ^  f^i(o)  Ap 
<<^'l'>i  -  <fs^>i  Ap 

where  the  f‘s  are  dimensionless  numbers,  often  referred  to*  as  the 
efficiency  factors  for  emission  or  absorption  (fgi),  extinction  (fti), 
etc. 

Also,  if  the  radiometer  antenna  were  used  as  a  transmitter,  the 
egression 


(35)  7 


8m 


R 


2 
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Would  l>e  just  the  fraction  of  total  transmitter  power  intercepted  by 
Ap,  the  geometrical  area  of  the  targeti  Thus  one  can  write 

(36)  AT^  -  yiie  ffe  +  <  £s  t'^  ft  tJ(o)  J 

with  the  understanding  that  the  f's  refer  to  radiation  of  the  same 
polarization  state  as  that  for  which  the  antenna  is  designed* 

That  is,  the  change  of  antenna  temperature  is  proportional  to  the 
fraction  of  power  intercepted  by  the  reference  target,  multiplied  by 
the  sum  of  the  appropriate  temperatures  weighted  according  to  their 
efficiency  factors* 


6.  CONCLUSIONS 

The  reciprocity  theorem  and  the  principle  of  detailed  balaneing 
Can  be  used  to  calculate  the  emission  cross  section  of  an  isolated 
target  in  terms  of  its  scattering  cross  sections.  The  apparent  temper# 
ature  of  such  an  object  when  it  lies  within  a  radiometer  beam  (or  the 
change  in  antenna  temperature  caused  by  its  introduction  into  the  beam) 
can  then  also  be  fovmd  from  its  scattering  properties,  and  the  tempera# 
ture  of  the  thermal  radiation  incident  on  it. 
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